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Abstract—We develop in this work a radiation losses model
for Quasi-TEM two-conductors transmission lines insulated in
a dielectric material. The analysis is exact, based on Maxwell
equations and all the analytic results are validated by comparison
with ANSYS-HFSS simulation results and previous published
works.
I. INTRODUCTION
We presented in [3] (and previous conferences [1], [2]) an
analysis of radiation losses from two-conductors transmission
lines (TL) in free space, in which we analysed semi-infinite
as well as finite TL, and showed that the radiation from TL
is essentially a termination phenomenon. We found that the
power radiated by a finite TL, carrying a forward current I+,
tends to the constant 60Ω (kd)2|I+|2 (k being the wavenumber
and d the effective separation between the conductors) when
the TL length tends to infinity (in practice overpasses several
wavelengths). This constant is twice the power radiated by a
semi-infinite TL, showing that a very long TL can be regarded
as two separate semi-infinite TL, see [3].
The purpose of this work is to generalise the results in
[3] to Quasi-TEM two-conductors TL isolated by a lossless
dielectric material. We remark that power loss from TL is
also affected by nearby objects interfering with the fields, line
bends, irregularities, etc. This is certainly true, but those affect
not only the radiation, but also the basic, “ideal” TL model in
what concerns the characteristic impedance, the propagation
wave number, etc. Like in [3] (and references therein) those
non-ideal phenomena are not considered in the current work,
which derives the radiation-losses for ideal, non bending, fixed
cross section TL.
The case of TL in dielectric insulator is much more
complicated than the free space case. The fact that the TL
propagation wavenumber β is different form the free space
wavenumber k by itself complicates the mathematics (see [4]),
but in addition it comes out that one needs to consider in this
case polarisation currents in addition to free currents. Hence,
to define a generic algorithm for determining the radiation
losses for two-conductors TL isolated in dielectric material,
one needs a generic specification for the polarisation currents.
Given polarisation current elements are summed vectorially
(see red lines in Figure 1), so that elements perpendicular
to the vector sum do not contribute, one has to define an
average relative dielectric permittivity, named ǫp (the subscript
“p” stands for polarisation), which is smaller or equal to the
known equivalent relative dielectric permittivity ǫeq [7], [8].
Fig. 1. A general cross section of two conductors insulated in a dielectric.
The grey regions are the ideal conductors and c1,2 are the contours of those
conductors. The dielectric (yellow), is of uniform relative dielectric permittiv-
ity ǫr . Under excitation the dielectric insulator develops polarisation currents.
The transverse polarisation current density (red arrows) is jωǫ0(ǫr − 1)ET ,
ω being the angular frequency and ET the transverse component of the
electric field. The longitudinal (z directed) polarisation current density (green)
is jωǫ0(ǫr − 1)Ez , Ez being the z component of the electric field.
There are three appendices in this work. Appendix A
explains some basics on Quasi-TEM cross section behaviour.
We discuss the propagation wavenumber β, the equivalent
2relative dielectric permittivity ǫeq and their connection to the
capacitance per length unit C and the characteristic impedance
Z0 (which are strictly speaking well defined only for “pure”
TEM). In Appendix B we develop the far potential vector,
and similarly to [3], we show that one can represent any
two-conductors TL isolated in dielectric material, by a twin
lead (see Figure 2), provided the electrical size of the cross
section is small. As mentioned before, we calculate in the
Fig. 2. Twin lead equivalent of TL insulated in dielectric material. The free TL
currents in the conductors at x = ±d/2 are ±I+e−jβz respectively, where
the positive direction is ẑ. The free termination currents in the conductors at
z = ∓L are ±I+e±jβL respectively, where the positive direction is x̂. The
polarisation currents are represented as surface currents on the plane y = 0.
Their value is Jp = −x̂
ǫp−1
ǫp
jβI+δ(y), see Eqs. (B.39)-(B.41), and the
physical meaning of ǫp is explained in Appendix C.
appendix also the contribution of the polarisation currents,
and those require a generic definition of an average relative
dielectric permittivity, ǫp. The connection between ǫp and ǫeq
and some more insight into their physical meaning is discussed
in Appendix C.
The main text is organised as follows. In section II we
calculate the power radiated by a TL carrying a forward wave
I(z) = I+e−jβz (matched TL), for a general cross section of
the TL, as shown in Figure 1. We base the calculations on the
results of Appendix B, in which we show (similarly to [3]) that
the radiation from a TL of any cross section of small electrical
dimensions can be formulated in terms of a twin lead analogue
as shown in Figure 2, but unlike in the free space case, this
twin lead includes also a sheet of polarisation surface current.
After deriving the radiated power and the radiation pattern for
the matched TL, we show the limit of the free space case and
the limit of a long TL, and how this connects to a semi-infinite
TL. The results for the matched TL are generalised for any
combination of waves I(z) = I+e−jβz + I−ejβz .
In section III, we validate the theoretical results obtained in
section II, by comparing them with a previous work dealing
with radiation from TL [5]. This work was concerned with
reducing radiation losses by using a side plate (mirror) to
create opposite image currents, and they considered the free
space case, and also TL inside dielectric, but ignored polarisa-
tion currents. Reducing our configuration to the assumptions
in [5], shows a very good comparison with these results.
We then compare our theoretical results with ANSYS-HFSS
commercial software simulation results for two cross section
examples. The work is ended by some concluding remarks.
Note: through this work, we use RMS values, hence there
is no 1/2 in the expressions for power. Partial derivatives are
abbreviated, like for example derivative with respect to time
∂
∂t ≡ ∂t.
II. RADIATED POWER
A. Matched TL
We calculate in this section the power radiated from a
matched general Quasi-TEM two-conductors TL insulated in a
dielectric material of any cross section, as shown in Figure 1,
carrying a forward wave described by the current
I(z) = I+e−jβz, (1)
where −L ≤ z ≤ L. As shown in Appendix B (similarly
to [3]), for the purpose of calculating far fields, any general
cross section, can be explored by its equivalent twin lead
representation shown in Figure 2. The free currents in the TL
line conductors and longitudinal (z directed) polarisation cur-
rents define the separation distance d between the conductors
in the twin lead representation (Eq. B.35), and define the z
component of the far potential vector computed in Eq. (B.45).
The free termination currents of the TL and the transverse
polarisation current density, represented by a sheet of x
directed surface polarisation current density Js p in the twin
lead representation define the x directed component of the far
potential vector computed in Eq. (B.51).
Using these results from Appendix B, we calculate here
the total radiated power from the TL. Starting with the
contribution of the longitudinal currents, we rewrite Eq. (B.45)
in this form
Az = µ0G(r)F(z)(θ, ϕ) (2)
where
F(z)(θ, ϕ) ≡ jk2LdI+ sinc[kL(cos θ − neq)] sin θ cosϕ, (3)
and the subscript (z) denotes the contribution from the z
directed currents, and F(z) is the directivity associated with
this contribution. To obtain the far fields (those decaying
like 1/r), the ∇ operator is approximated by −jkr̂ and one
obtains:
H(z) =
1
µ0
∇× (Az ẑ) = jkG(r)F(z)(θ, ϕ) sin θϕ̂ (4)
and the electric field associated with it is E(z) = η0H(z) × r̂.
To calculate the contribution of the transverse (x directed
currents), we rewrite Eq. (B.51) in this form
Ax = µ0G(r)F(x)(θ, ϕ) (5)
where
F(x) ≡ −jkI+d2L sinc[kL(cos θ−neq)](cos θ−neq/ǫp) (6)
and the subscript (x) denotes the contribution from the x
directed currents, and F(x) is the directivity associated with
this contribution.
The parameter ǫp comes from defining the polarisation
currents as (ǫeq−1)/ǫeq times the displacement current, and as
3explained in Appendix C, the ratio
(ǫp−1)/ǫp
(ǫeq−1)/ǫeq
represents the
average projection factor of the polarisation current elements
on the main (x) axis - the axis with respect to which the
twin lead model has been defined (see Figure 2). In cross
sections having a transverse E field mainly in the x direction
the projection factor is close to 1, hence ǫp ≃ ǫeq , and in
the opposite extreme case ǫp ≃ 1 (negligible polarisation
currents), so that 1 ≤ ǫp ≤ ǫeq = n2eq . As evident from
Eq. (6), ǫp always appears in the ratio neq/ǫp, we therefore
use the definition
n ≡ neq/ǫp, (7)
so that
1/neq ≤ n ≤ neq. (8)
We may therefore use n = naeq , so that the power a satisfies
−1 ≤ a ≤ 1, but as explained in Appendix C, the equality
case a = 1 is not physical, so it is considered only in the
context of “ignoring the transverse polarisation”.
To obtain the far fields, we use H(x) =
1
µ0
∇× (Axx̂) and
the identity r̂× x̂ = cos θ cosϕϕ̂+ sinϕθ̂, getting
H(x) = −jk[cos θ cosϕϕ̂+ sinϕθ̂]G(r)F(x) (9)
and the electric field associated with it is E(x) = η0H(x)× r̂.
Now summing Eqs. (4) with (9) we obtain the total far
magnetic field
H+ =− k2G(r)I+d2L sinc[kL(cos θ − neq)]
[θ̂ sinϕ(cos θ − n) + ϕ̂ cosϕ(1− n cos θ)] (10)
and the electric field E+ = η0H
+ × r̂. We use from here the
superscript “+”, because those results are for a forward wave.
The Poynting vector is
S+ = η0|H+|2 =η0k
4|I+|2d2L2
4π2r2
sinc2[kL(cos θ − neq)]
[sin2 ϕ(cos θ − n)2 + cos2 ϕ(1− n cos θ)2],
(11)
and the total radiated power is calculated via
P+rad =
∫ 2π
0
∫ π
0
sin θdθdϕr2S+. (12)
We remark that
∫ 2π
0
dϕ sin2 ϕ =
∫ 2π
0
dϕ cos2 ϕ = π, so that
the radiated power is given by the single integral in θ. After
changing variable: y = − cos θ, one obtains
P+rad =60Ω(kd)
2|I+|2
∫ 1
−1
dy (kL)2 sinc2[kL(neq + y)]
[(1 + n2)(1 + y2)/2 + 2ny] (13)
The integral is carried out analytically, resulting in an ex-
pression which is very big, and therefore we introduce some
definitions. We define the following function arguments:
a+ ≡ 2kL(neq + 1) ; a− ≡ 2kL(neq − 1), (14)
Furthermore, we define
Q ≡ cos(a+)
a+
− cos(a−)
a−
+ Si(a+)− Si(a−) (15)
W ≡ ln neq + 1
neq − 1 − [Ci(a+)− Ci(a−)] (16)
where Si and Ci are the sine and cosine integral functions
respectively. The solution of the (1 + y2) part in the integral
in Eq. (13), without the prefactor (1 + n2)/2, is given by the
function Z1:
Z1(kL, neq) =
2n2eq
n2eq − 1
+ kL(n2eq + 1)Q− neqW−
sin(a+)− sin(a−)
4kL
(17)
and the solution of the y part in the integral in Eq. (13), without
the prefactor 2n, is given by the function Z2 as follows:
Z2(kL, neq) =
−neq
n2eq − 1
− kLneqQ+W/2. (18)
So the solution of the whole integral is described by the
function Z(kL, neq, n)
Z(kL, neq, n) =
1 + n2
2
Z1 + 2nZ2. (19)
The behaviour of Z(kL, neq, n) is shown in Figures 3-5 and
referred to hereinafter. Looking at the figures, we understand
that as neq is bigger, the function Z(kL, neq, n) decreases,
while for a given neq , bigger transverse polarisation currents
(bigger ǫp, hence smaller n), further decrease Z(kL, neq, n).
From (13) and (19), the expression for the radiated power
is
P+rad = 60Ω|I+|2(kd)2Z(kL, neq, n) (20)
The radiation pattern function is calculated from the radial
pointing vector (Eq. (11)) and the total power in Eq. (20),
using D+ = 4πr2S+/P+rad which comes out
D+(θ, ϕ) = 2 sin2[kL(cos θ − neq)]
sin2 ϕ(cos θ − n)2 + cos2 ϕ(1− n cos θ)2
Z(kL, neq, n)(cos θ − neq)2 (21)
and the radiated power relative to the forward wave propagat-
ing power (P+ = |I+|2Z0) is given by
P+rad
P+
=
60Ω
Z0
(kd)2Z(kL, neq, n), (22)
The expressions for the radiated power and radiation pattern
are complicated (certainly relative to the free space case [3])
and it would be of interest to compare them to the free space
case and determine some limits, in the following subsections.
1) The free space limit: In this limit neq = 1, and also
n = 1, according to Eq. (8). So a+ = 4kL, a− = 0 and Z in
Eq. (19) is Z1 + 2Z2, resulting in
Z =
2n2eq
n2eq − 1
+2kLQ−W− sin(4kL)
4kL
+2
−neq
n2eq − 1
−2kLQ+W,
(23)
We note that
2
n2eq − neq
n2eq − 1
= 2
neq(neq − 1)
(neq − 1)(neq + 1) → 1 (24)
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Fig. 3. Z from Eq. (19) as function of the TL line length in units of
wavelengths, for n = neq , i.e. ǫp = 1 and for values of neq = 1, 1.25 and
2. The asymptotic values for a long TL are 1, 0.79 and 0.704 respectively
(see Eq. 30), and those asymptotic values tends to 2/3, for big neq , according
to the case n = neq in Eq. (33).
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Fig. 4. Same as Figure 3, only for n = 1, i.e. ǫp = neq . The asymptotic
values for a long TL are 1, 0.56 and 0.23 for neq = 1, 1.25 and 2, respectively
(see Eq. 30), and those asymptotic values tends to 0, for big neq , according
to the case n 6= neq in Eq. (33).
0
0.2
0.4
0.6
0.8
1
1.2
0 1 2 3 4 5
fu
nc
tio
n 
Z
TL length [wavelengths]
εp=n
2
eq
neq=1     
neq=1.25
neq=2     
Fig. 5. Same as Figure 3, only for n = 1/neq , i.e. ǫp = ǫeq = n2eq . The
asymptotic values for a long TL are 1, 0.5 and 0.18 for neq = 1, 1.25 and
2, respectively (see Eq. 30), and those asymptotic values tends to 0, for big
neq , according to the case n 6= neq in Eq. (33).
for neq → 1, so we recover the free space formula for Z
Z(kL, neq = 1, n = 1) = 1− sinc(4kL), (25)
shown in blue colour in Figures 3-5, see [3]. The limit of the
radiation pattern is
D+(θ, ϕ) = 2 sin2[kL(1− cos θ)]
(1− cos θ)2(sin2 ϕ+ cos2 ϕ)
(1− sinc(4kL))(1− cos θ)2 , (26)
which remains only a function of θ, recovering Eq. (12) in
[3].
2) The limit of a long TL: In the free space case the limit
for a long TL (kL → ∞) is simply Z = 1. In our case this
limit depends on neq and n. For kL→∞, a+ and a− both go
to ∞. The Ci function goes to 0 for large argument, therefore
Eq. (16) reduces to
W → ln neq + 1
neq − 1 , (27)
The function Q→ 0, but here one has to be careful, because
we need the limit of kLQ in Eqs. (17) and (18). The Si
function for large argument behaves like:
Si(x) =
π
2
− cosx
x
(
1− 2!
x2
+
4!
x4
− 6!
x6
· · ·
)
−
sinx
x
(
1
x
− 3!
x3
+
5!
x5
− 7!
x7
· · ·
)
(28)
and from here it is easy to find that Q decreases faster than
(kL)−1, hence
kLQ→ 0 (29)
also [sin(a+) − sin(a−)]/(4kL) → 0 for kL → ∞, we
therefore obtain after some algebra the following limit for Z:
Z(kL→∞, neq, n) = neq
n2eq − 1
[
(1 + n2)neq − 2n
]
+[
n− neq(1 + n
2)
2
]
ln
neq + 1
neq − 1 (30)
Those limits can be calculated for the cases shown in Fig-
ures 3-5 and yield 1, 0.79 and 0.704 for n = neq (Figure 3),
1, 0.56 and 0.23 for n = 1 (Figure 4) and 1, 0.5 and 0.18 for
n = 1/neq (Figure 5), for the values of neq = 1, 1.25 and 2,
respectively.
As shown in [3], this limit represents the radiation of a long
TL carrying a forward wave, so that:
P+rad (long TL) = 60Ω|I+|2(kd)2Z(kL→∞, neq, n). (31)
which also corresponds to twice the power radiated from a
semi-infinite TL. This means that the power radiated by a
semi-infinite TL carrying a forward wave is
P+rad (semi-infinite) = 30Ω|I+|2(kd)2Z(kL→∞, neq, n), (32)
see Figure 9 in [3].
53) The limit of big relative dielectric permittivity, for long
TL: This limit is discussed in the context of a long TL, so the
limit of (30) for neq →∞ depends on n, as follows:
Z(kL→∞, neq →∞, n) =
{
2/3 n = neq
0 1/neq ≤ n < neq ,
(33)
so that there is a singular case of “ignoring the transverse
polarisation”, for which the limit is 2/3, as shown in Figure 3,
and for any practical case the limit is 0, meaning that the
radiated power vanishes for strong relative permittivity of the
dielectric insulator neq →∞ (see Figures 4 and 5).
B. Generalisation for non matched TL
We generalise here the result (20) obtained for the losses
of a finite TL carrying a forward wave to any combination of
waves, as follows:
I(z) = I+e−jkz + I−ejkz (34)
where I+ is the forward wave phasor current, as used in
the previous subsection and I− is the backward wave phasor
current, still defined to the right in the “upper” line in Figure 2.
The solution for the general current is obtained as superpo-
sition of the solutions for the fields generated by I+e−jkz and
I−ejkz . The solution for the backward moving wave I−ejkz ,
can be found by first solving for a reversed z axis in Figure 2,
i.e. a z axis going to the left, and replacing in the solution
(10) I+ → −I−, so one obtains
H− =− k2G(r)(−I−)d2L sinc[kL(cos θ′ − neq)]
[θ̂
′
sinϕ′(cos θ′ − n) + ϕ̂′ cosϕ′(1− cos θ′ n)] (35)
where θ′ and ϕ′ are the spherical angles for the reversed z
axis. Now to express the solution for the backward wave in
the original coordinates, defined by the right directed z axis,
one has to replace: θ′ = π − θ, ϕ′ = −ϕ, and therefore also
θ̂
′
= −θ̂ and ϕ̂′ = −ϕ̂, and sum (10) with (35), obtaining
H =H+ +H− = −k2G(r)2dL
{θ̂ sinϕ[I+ sinc[kL(cos θ − neq)](cos θ − n)+
I− sinc[kL(cos θ + neq)](cos θ + n)]+
ϕ̂ cosϕ[I+ sinc[kL(cos θ − neq)](1− n cos θ)+
I− sinc[kL(cos θ + neq)](1 + n cos θ)]}, (36)
from which the electric field is E = η0H × r̂, so that the
Poynting vector is
S = η0|H|2 = η0k
4d2L2
4π2r2
{
|I+|2 sinc2[kL(cos θ − neq)][(a−)2 sin2 ϕ+ (B−)2 cos2 ϕ]+
|I−|2 sinc2[kL(cos θ + neq)][(a+)2 sin2 ϕ+ (B+)2 cos2 ϕ]+
2ℜ{I+I−∗} sinc[kL(cos θ − neq)] sinc[kL(cos θ + neq)]
(a−a+ sin
2 ϕ+B−B+ cos2 ϕ)} (37)
where we used the abbreviations: A± = cos θ± n and B± =
1± n cos θ.
We calculate the radiated power using Eq. (12), and obtain
Prad = P
+
rad + P
−
rad + Prad mix (38)
where P±rad are the powers radiated by the individual forward
and backward waves, and are given by (20), using the adequate
current:
P±rad = 60Ω(kd)
2|I±|2Z(kL, neq, n), (39)
and Prad mix is the power radiated by the interference be-
tween I+ and I−, and is given by
Prad mix = 60Ω(kd)
2ℜ{I+I−∗} [1− n2]Zmix (40)
where
Zmix = cos(2kLneq)[1− neq + 1/neq
2
W ]+
neq + 1/neq
2
sin(2kLneq)[Si(a+)− Si(a−)]− sinc(2kL).
(41)
The arguments a+ and a− are defined in Eq. (14) and W is
defined in Eq. (27).
Unlike the free space case [3] in which Prad mix = 0, for
TL in insulated dielectric the interference between the waves
contributes to the radiation, and of course the contribution
vanishes in the free space limit for which n = 1. To be
mentioned that n = 1, may also occur in the insulated case
(neq > 1) if ǫp = neq .
In the next section we validate the analytic results obtained
in this section, using ANSYS commercial software simulation
and additional published results on radiation losses from TL.
III. VALIDATION OF THE ANALYTIC RESULTS
A. Comparison with [5]
In 2006 Nakamura et. al. published the paper “Radiation
Characteristics of a Transmission Line with a Side Plate” [5]
which intends to reduce radiation losses from TLs using a
side plate. The side plate is a perfect conductor put aside the
transmission line, to create opposite image currents, and hence
reduce the radiation.
The authors first derived the radiation from a TL without
the side plate, for the free space case, and also for TL inside
dielectric, but the dielectric has been taken into account in
what concerns the propagation constant β = neqk only,
ignoring the polarisation currents.
Therefore for the sake of comparison with [5] we have to
use ǫp = 1, hence n = neq in all our results.
We first remark that I0 in [5] is a forward current, and from
Eq. (19) in [5], it is evident that they used RMS values. Hence
I0 in [5] is the equivalent of our |I+|. Also they used (capital)
K for the equivalent refraction index, called in this work neq .
In [5] they did not obtain analytic expression for the
radiation as function of TL length, but they did obtain analytic
expressions for the long TL limit, with which we compare here
our results. Eq. (30) simplifies for n = neq to:
Z(kL→∞, neq, n = neq) = n2eq − neq
n2eq − 1
2
ln
neq + 1
neq − 1
(42)
so that the power radiated by a semi-infinite TL in Eq (32) is:
P+rad (semi-infinite) = 30Ω|I+|2(kd)2
{
n2eq − neq
n2eq − 1
2
ln
neq + 1
neq − 1
}
(43)
6which is exactly what they called “the radiated power from
the input end (or output end) alone”, given in Eq. (30) in
[5] (note that they used the distance between conductors 2h,
corresponding to our d, from there the factor 4).
Also note that the limit of Z in Eq. (42) for neq → ∞ is
2/3, according to the case n = neq in Eq. (33). This may be
confirmed by comparing Eqs. (31) and (32) in [5].
Next we compare the radiation patterns obtained in Figure 5
of [5], with ours. In [3] we compared the free space case in
panel (a), and here we compare our result (Eq. (21) with n =
neq) with panel (b) of Figure 5 in [5], showing the radiation
patterns for a TL of 1 wavelength, for different values of neq .
This is shown in Figure 6. It is worthwhile to remark that
neq = 1
y
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Fig. 6. Radiation pattern calculated from Eq. (21) with n = neq for TL of 1
wavelength for the cases neq = 1, 1.25, 1.5, 1.75 and 2. They are identical
to the parallel cases shown in Figure 5(b) of [5]. Note that the definitions of
the x and z axes are swapped in [5] compared to our definitions, we therefore
showed them in an orientation which makes the comparison easy (i.e. our z
axis is oriented in the plots in the same direction as their x axis).
the radiation pattern (Eq. 21) does not depend on the distance
between the conductors d (or 2h in [5]), hence the annotation
of h/λ = 0.1 in Figure 5 of [5] is redundant, and probably has
been added to the caption because the authors computed the
radiation patterns numerically for h/λ = 0.1, without deriving
an analytic expression.
Next, we compare our results with Figure 6 in [5], which
is the numerical integration of Eq. 20 in [5] for the cases
neq = 1 and 2 (named K = 1,2) where the solid line
represents the free space case (neq = 1) and the dashed
line represents the neq = 2 case. To calculate the result in
Figure 6 of [5] they used I0 = 1A, hence we set |I+| = 1A
in Eq. (20). 2h is the distance between the conductors in [5],
equivalent to d in this work, and they used hλ = 0.1, therefore
(kd)2 = (4πh/λ)2 = 1.5791 in Eq. (20). Hence the prefactor
60Ω(kd)2|I0|2 = 94.746 [W]. The asymptotic value of Z
in Eq. (42) is 1 for neq = 1 and 0.704 for neq = 2 (as
shown also in Figure 3), therefore the asymptotic power for
kL≫ 1, for the two cases shown in the figure are 94.75 [W]
and 94.75 × 0.704 = 66.72 [W], respectively. The results of
Eq. (20) for neq = 1 and 2 are displayed in Figure 7 (and they
are identical in shape to the corresponding cases of neq = 1
and 2 in Figure 3, up to the constant 94.75 [W]).
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Fig. 7. Reproduction of Figure 6 in [5], obtained by setting
60Ω(kd)2|I+|2 = 94.746 [W] and n = neq in Eq. (20). One can check
with an image editor that the blue and green lines in this figure completely
overlap the solid and dashed lines in Figure 6 of [5], respectively (as shown
also in [4]).
In the next sections we take two examples of cross section
geometries on which we apply the analytic result Eqs. (20),
(22) or (38) and compare the results with simulation results of
ANSYS-HFSS commercial software, in the frequency domain,
FEM technique.
B. Comparison with ANSYS simulation results - Example 1
In this example we use the cross section shown in Figure 8,
which is similar to the one used in [3], only insulated in
a dielectric material. We performed an ANSYS-HFSS cross
Fig. 8. The cross section consists of two circular shaped ideal conductors
of radius a = 1.27 cm (dark blue), the distance between their centres being
s = 3.59 cm. The dielectric insulator (pink) is circular with radius 2a for
|x| > s/2 and rectangular in the region |x| < s/2. The relative permittivity
of the dielectric insulator is ǫr = 3.
7section analysis at the frequency 240 MHz. From this analysis
we obtained the propagation constant β = neqk = 8.1 [1/m],
establishing the equivalent refraction index neq = 1.613. An
arrow plot of the transverse electric field ET is shown in
Figure 9.
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Fig. 9. Arrow plot of ET for the cross section shown in Figure 8.
From this analysis, using Eqs. (B.28), (B.31 and (B.32) one
finds that α = −0.76× 10−3, confirming Eq. (B.33) and we
obtain the separation distance in the twin lead representation
d = 2.46 cm (close to the distance obtained in the free space
case [3], 2.54 cm).
Next using Eq. (B.44) we obtain ǫp = 1.73, so that
n = neq/ǫp = 0.93. From the cross section analysis we
also obtain the value of the characteristic impedance Z0 =
65.5Ω, which is very close to what we obtained in [3] for
a similar configuration 105.6Ω divided by neq = 1.613 (see
Eq. (A.15)). This confirms that the electric size of our cross
section is small (see discussion at the end of Appendix A).
We summarise here the parameters used in Eq. (22) for the
comparison with simulation:
d = 2.46cm neq = 1.613 n = 0.93 Z0 = 65.5Ω (44)
The simulation setup is shown schematically in Figure 10.
The TL is ended at both sides by lumped ports of characteristic
impedance Zport = 50Ω, but fed only from port 1 by forward
wave voltage V +port = 1V , so the equivalent The´venin feeding
circuit is a generator of 2V +port in series with a resistance Zport.
Fig. 10. Simulation setup for obtaining 2 × 2 S matrices for different TL
lengths.
We obtained from the simulation S matrices defined for
a characteristic impedance Zport at both ports, for different
lengths of the transmission line (similarly to [3]). By symme-
try, the S matrix has the form
S =
(
Γ τ
τ Γ
)
, (45)
from which one may calculate the ABCD matrix of the TL
[8], [13], [14], [15]. We need only the A element from the
ABCD matrix (which is insensitive to the value of Zport), as
follows:
A =
1
2
[
τ + (1− Γ2)/τ] (46)
from which we compute the delay angle of the TL
Θ = arccos(A) (47)
The real part of Θ represents the phase accumulated by a
forward wave along the TL, and the imaginary part of Θ
(which is always negative) represents the relative decay of the
forward wave (voltage or current) due to losses (in our case
there are only radiation losses) along the TL, so that |I+(L)| =
|I+(−L)| exp(Im{Θ}). Therefore, the power carried by the
forward wave |P+(L)| = |P+(−L)| exp(2Im{Θ}), but for
small losses |P+(L)| ≃ |P+(−L)|(1 + 2Im{Θ}), so that the
difference between the input and output values of P+ (which
represent the radiated power P+rad in Eq. (22)), relative to the
(average) power P+ carried by the wave is obtained by
P+rad
P+
= −2Im{Θ}. (48)
In Figure 11 we compare the analytic result for the relative
power radiated by a forward wave in Eq. (22) with the
result in Eq. (48) obtained from ANSYS-HFSS simulation,
at the frequency 240 MHz. The result shows a very good
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Fig. 11. Relative radiation losses Prad/P
+: comparison between the analytic
result in Eq. (22) and the ANSYS-HFSS simulation result (Eq. (48)) for two
parallel cylinders TL. The horizontal axis is the TL line length in units of
wavelengths.
match between theory and simulation with an average absolute
relative error of 4%.
For this cross section n is 0.93, hence close to 1, so the
interference term (Eq. (40)), which scales like 1−n2 is small.
We therefore do not simulate it for this cross section example,
and we shall do it in the next example, as follows.
8C. Comparison with ANSYS simulation results - Example 2
In this example we use a microstrip cross section shown in
Figure 12. The width of the “plus” conductor is w = 3.4 mm,
the distance between the conductors is s = 1.52 mm and the
relative permittivity is ǫr = 3.5. We avoided the conventional
notation d for the distance between the conductors, because
d is reserved for the equivalent distance in the twin lead
representation, computed from the cross section analysis (see
Appendix B). However, as expected, for the microstrip case it
comes out that d equals the distance between the conductors,
as we shall see in the following cross section analysis. Using
Fig. 12. Microstrip cross section: the ground conductor (of width w1 →∞)
is at x = 0 and the “plus” conductor, of width w = 3.4mm, is located at
x = s = 1.52mm. The conductors are shown in dark blue and the thickness
of the “plus conductor” is 17µm (not mentioned in the figure). The dielectric
insulator (pink) is of relative permittivity ǫr = 3.5.
the microstrip formulae [8], we obtain:
ǫeq =
ǫr + 1
2
+
ǫr − 1
2
√
1 + 12s/w
= 2.7455 (49)
so that neq =
√
ǫeq = 1.657. The characteristic impedance for
w > s is given by (see [8])
Z0 =
η0
neq[w/s+ 1.393 + 0.667 ln(w/s+ 1.444)]
= 50.55Ω
(50)
Because of the “infinite” ground conductor in the definition
of the microstrip, the theoretical solution implies 0 fields in the
region x < 0, and of course perpendicular E field and parallel
H field on the plane x = 0+. We need to run simulations
to determine the fields’ structure in the cross section and to
calculate the S parameters for different microstrip lengths, for
finding the radiation losses as function of the TL length, as
we did in the previous example. Clearly, simulations cannot
reproduce fields close to 0 at x < 0, unless one chooses a very
big value for w1, consuming a lot of time and memory. For
values of w1 of the order of w (like 2w or 3w), simulations
on the configuration in Figure 12 will suffer from significant
inaccuracy, not being able to assure a perpendicular E field
and a parallel H field on the plane x = 0+.
The method to overcome this is to use an “imaged”
configuration shown in Figure 13. The imaged microstrip
configuration assures by symmetry perpendicular E field and
parallel H field on the plane x = 0, independently of the size
of w1. It appears that increasing w1 above the value 2w almost
does not change the results, hence the choice w1 = 2w is very
good.
We also remark that for a given forward wave current
I+, the imaged configuration carries twice the power of
Fig. 13. Imaged microstrip cross section: the ground conductor at x = 0 has
been eliminated and the conductor and dielectric at x > 0 have been imaged
to the region x < 0. For the imaged configuration, w1 does not need to be
very big.
the original configuration, implying a value of characteristic
impedance which is twice the value in Eq (50), i.e.
Z0 (imaged) = 50.55× 2 = 101.1Ω (51)
Also, for a given forward wave current I+, the imaged config-
uration radiates twice the power of the original configuration,
so that the relative radiated power in Eq. (22) is unchanged.
Like in the previous example we perform a cross section
analysis, and Figure 14 shows an arrow plot of the transverse
electric field ET .
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Fig. 14. Arrow plot of ET for the cross section shown in Figure 13.
From the cross section results, using Eqs. (B.28), (B.31)
and (B.32), we find that the weight of the longitudinal po-
larisation is negligible (as in the previous example) and one
obtains the separation distance in the twin lead representation
d = 3.04 mm. As mentioned previously, we expected this
separation distance to be equal to the distance between the
conductors, and indeed it came out 2s (see Figure 13).
From the cross section analysis we also obtain the value of
the characteristic impedance Z0 = 99.37Ω (very close to this
in Eq. (51)) and the equivalent dielectric permittivity ǫeq = 2.7
(very close to this in Eq. (49)), so neq =
√
ǫeq = 1.64. Using
Eq. (B.44) we obtain ǫp = 2.7, which equals in this case to
ǫeq , so that n = 1/neq = 0.6 .
We summarise here the parameters for this cross section:
d = 3.04mm neq = 1.657 n = 0.6 Z0 = 99.37Ω (52)
9We first compare with ANSYS-HFSS simulation the power
radiated by a forward wave, relative to the power carried by
the wave (Eq. 22), following the same procedure described
in the previous example, and using the same schematic setup
in Figure 10. We obtained S matrices for different TL length
and used Eqs. (45)-(48) to elaborate the simulated data. The
comparison is shown in Figure 15. The result shows a very
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Fig. 15. Relative radiation losses P+
rad
/P+: comparison between the analytic
result in Eq. (22) and the ANSYS-HFSS simulation result (Eq. (48)) for the
(imaged) microstrip TL. The horizontal axis is the TL line length in units of
wavelengths.
good match between theory and simulation with an average
absolute relative error of 3.2%.
For this cross section n = 0.6 (far from 1), it is therefore
expected the interference term (Eq. (40)) to be substantial. We
built a simulation setup shown schematically in Figure 16 to
Fig. 16. Simulation setup for obtaining S11 for different TL lengths.
simulate the effect of the interference term. The TL is fed at
z = −L by a lumped port of Zport = 50Ω with a wave of
V +port = 1V so the equivalent The´venin feeding circuit is a
generator of 2V +port in series with a resistance Zport (like in
the setup from Figure 10), but the right side at z = L is left
open.
Using as first approximation the lossless TL theory, the
open end implies |I+| = |I−|, and the following connection
between the phases of I+ and I−
I+e−jβL + I−ejβL = 0, (53)
from which
ℜ{I+I−∗} = −|I+|2 cos(2βL). (54)
This relation is used in Eq. (40) to calculate the interference
term Prad mix contribution in Eq. (38). The value of |I+| (or
|I−|) to be used for the terms P±rad in Eq. (39), in terms of
V +port is given by
|I+| = |V
+
port|√
Z20 cos
2(2βL) + Z2port sin
2(2βL)
(55)
Note that the values in Eqs. (54) and (55) are calculated
separately for each value of L, for the comparison with
simulation.
By conservation of energy, the power radiated according to
Eq. (38), must be equal to the power of the forward wave
coming from port 1: |V +port|2/Zport, multiplied by 1− |S11|2.
In Figure 17 we compare the analytic result from Eq. (38)
relative to the port power:
Prad
|V +port|2/Zport
(56)
with the values of 1−|S11|2 obtained from the ANSYS-HFSS
simulation for different TL lengths. The result shows a very
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Fig. 17. Relative radiation losses calculated from Eq. (56), compared with
1 − |S11|2 obtained from the ANSYS-HFSS simulations for the (imaged)
microstrip TL, for different TL lengths. The horizontal axis is the TL line
length in units of wavelengths.
good match between theory and simulation with an average
absolute relative error of 1.8%.
IV. CONCLUSIONS
We presented in this work a general algorithm for the
analytic calculation of the radiation losses from transmission
lines of two conductors in a dielectric insulator. This work is
the generalisation of [3], which deals with TL in free space,
and similarly to [3], we assumed a small electric cross section,
so that the TL carries a Quasi-TEM mode, which behaves
similar to TEM.
We derived the radiation losses of matched TL (carrying
a single forward wave) and generalised the result for non
matched TL, carrying any combination of forward and back-
ward waves. Unlike in the free space case [3], the interfer-
ence between the forward and backward wave have a non
zero contribution to the radiated power, and we successfully
validated our analytic results by comparing them with the
results of ANSYS-HFSS simulations for both matched and
non matched TL. Also, we compared the matched case with
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[5], but had to neutralise the polarisation currents for the sake
of this comparison (given the fact that that [5] did not include
them in their calculation).
For the specification of the transverse polarisation currents
we introduced a new definition of ǫp, which basically would
mean the usual ǫeq if all the polarisation current elements
would be in the same direction (as approximately occurs in
a microstrip). However in the general case, ǫp < ǫeq , where
the relation
(ǫp−1)/ǫp
(ǫeq−1)/ǫeq
represents the average projection of
the polarisation current elements on the main direction of the
resultant contribution (set without loss of generality as the x
direction).
APPENDIX A
CROSS SECTION ANALYSIS OF QUASI-TEM MODE
We perform in this manuscript Quasi-TEM cross sections
analyses, to obtain characteristics which affect the radiation
process of dielectric insulated TL. We therefore summarise
in this appendix some properties of the cross section solution
for a general case of hybrid TE-TM fields [7], [8]. The time
dependence is ejωt, so that the derivative with respect to time
of any variable is a multiplication by jω.
We call the longitudinal (z directed) fields Ez and Hz ,
and the transverse (x and y components) ET and HT . The
transverse “nabla” operator is named ∇T ≡ x̂∂x + ŷ∂y in
Cartesian coordinates. One looks for a forward wave solution,
having the z dependence of the form
e−jβz , (A.1)
implying
∂z = −jβ (A.2)
on any variable. This requirement implies the solution of the
Helmholtz equations for the longitudinal fields, and linear
relations connecting the transverse fields ET and HT with
∇TEz and ∇THz , see [7], [8].
For a guided propagation mode, the longitudinal fields are
90 degrees out of phase relative to the transverse fields, so
that any transverse Poynting vector is pure imaginary, which
means that there is a standing wave in the transverse direction
and the only net energy is flowing in the longitudinal direction
[7], [8].
It is therefore convenient to scale the phase of the cross
section solution so that the transverse fields are real and the
longitudinal fields are pure imaginary, so that:
ET ≡ ET,R ; HT ≡ HT,R (A.3)
and
Ez ≡ jEz,I ; Hz ≡ jHz,I , (A.4)
where the “R” and “I” subscripts indicate real and imaginary
parts, respectively. From the cross section solution one ob-
tains the Quasi-TEM mode propagation wavenumber β (see
Eqs. (A.1) and (A.2)), from which one defines the effective
refraction index of the solution neq via
β = neqk (A.5)
where
k = ω/c (A.6)
is the free space wavenumber, c being the free space speed of
light in vacuum. This equivalent refraction index satisfies 1 ≤
neq ≤ n, according to “how much” fields are in the dielectric
and “how much” in the surrounding air, where n =
√
ǫr is the
refraction index of the dielectric material.
To be mentioned that such mode is called Quasi-TEM,
because it behaves close to TEM, in the sense that the
transverse fields ET and HT are dominant relative to the
longitudinal fields Ez and Hz . This may be symbolically
written as
ET , (η0/neq)HT ≫ Ez , (η0/neq)Hz, (A.7)
in the averaging sense (η0 = 377Ω is the free space
impedance). As smaller the electrical size of the cross section,
the above condition is more accurate.
Now examining the surface free current continuity on one
of the conductors in Figure 1 (say the “plus” conductor having
the contour c1), we obtain
∂tρs + ∂zJs z + ∂c1Js c1 = 0 (A.8)
where ρs is the free surface charge and Js z and Js c1 are
the longitudinal and transverse components of the free surface
current. Using ∂t = jω and ∂z = −jβ (Eq. (A.2)), we get
jωρs − jβJs z + ∂c1Js c1 = 0 (A.9)
Clearly the free transverse surface current Js c1 which is
proportional to Hz is negligible relative to longitudinal surface
current Js z which is proportional to HT (see Eq. (A.7)). But
for now we do not need this condition, because the last term
in Eq. (A.9) vanishes after integrating around the contour
∮
c1
,
obtaining
jωρl − jβI+ = 0, (A.10)
where ρl is the charge per longitudinal length unit. We shall
use I+, V + for the forward current and voltage waves,
respectively (we deal with a forward wave, so in principle,
all quantities should have a “+” superscript, but it would be
too cumbersome). Here we use the capacitance per length unit
defined via ρl = CV
+:
ωCV + = βI+, (A.11)
and for this we do need condition (A.7), because the potential
difference between the conductors V + has a meaning only if
its value
∫
ET ·dl is independent of the integration trajectory,
and this is strictly correct only if Hz = 0.
Supposing condition (A.7) is satisfied and using Eqs. (A.5),
(A.6), and the definition of the characteristic impedance Z0 ≡
V +/I+, we obtain
Z0 =
neq
cC
, (A.12)
and comparing it to the “telegraph model” definition Z0 ≡√
L/C, L being the inductance per length unit, one obtains
√
LC = neq/c (A.13)
Dealing with dielectric materials, the inductance per unit
length L is the same as the free space inductance, we therefore
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conclude from Eq. (A.13) that C is proportional to n2eq = ǫeq,
so that
C = ǫeqCfree space. (A.14)
From Eqs. (A.12) and (A.14) it results that Z0 is inverse
proportional to neq , so that
Z0 = Z0 free space/neq (A.15)
We may understand from this analysis that the relation be-
tween β and k, namely neq describes in the DC limit the
connection between the capacitance per unit length (or the
characteristic impedance) with dielectric and the parallel value
in free space according to Eqs. (A.14) and (A.15). Therefore
the relation between β and k keeps linear as long as the electric
size of the cross section is small, and may deviate from this
relation for higher frequencies.
APPENDIX B
FAR VECTOR POTENTIAL OF SEPARATED
TWO-CONDUCTORS TRANSMISSION LINE IN TWIN LEAD
REPRESENTATION
In this appendix we calculate the far magnetic vector
potential for a general TL insulated in a dielectric material
of relative dielectric permittivity ǫr as shown in Figure 1.
In spite of dealing with dielectric insulators on has to use the
regular free space Lorenz gauge [6], in the frequency domain
∇ ·A+ jωV
c2
= 0, (B.1)
obtaining the following wave equations for the magnetic vector
potential A and the scalar potential V [6]:(∇2 + k2)A = −µ0Jeff (B.2)(∇2 + k2)V = −ρeff/ǫ0. (B.3)
where
Jeff = J+ jωP+∇×M, (B.4)
ρeff = ρ−∇ ·P, (B.5)
J and ρ being the free current and charge densities, respec-
tively,
P = ǫ0(ǫr − 1)E (B.6)
is the electric polarisation field and
M = 0 (B.7)
is the magnetisation field which is 0 in our case.
We remark that Jeff and ρeff satisfy the continuity equation
∇ · Jeff + jωρeff = 0, (B.8)
(which holds separately for the free and polarisation
charges/currents). We see that ρeff can be calculated from Jeff,
the same as V can be calculated from A using (B.1). This
means that we have to solve only Eq. (B.2), as usually done in
radiation problems [7], [9], [10], [11], [12]. Its formal solution,
for a TL from −L to L is the convolution integral
A(x, y, z) = µ0
∫ L
−L
dz′
∫∫
TL cross
section
dx′dy′Jeff(x
′, y′, z′)G(R)
(B.9)
where
G(s) =
e−jks
4πs
(B.10)
is the 3D Green’s function and
R =
√
(x− x′)2 + (y − y′)2 + (z − z′)2. (B.11)
We remark that (B.9) is the potential vector due to the
currents along the TL, and the contribution of the termination
(source and load) currents [3] are calculated at the end of this
appendix.
According to (A.1), we use
Jeff(x
′, y′, z′) = Jeff(x
′, y′)e−jβz , (B.12)
and approximating R in (B.11) in far field in spherical
coordinates to
R = r − (x′ cosϕ+ y′ sinϕ) sin θ − z′ cos θ (B.13)
we rewrite A in the far field
A =µ0G(r)
∫ L
−L
dz′ejkz
′(cos θ−neq)∫∫
TL cross
section
dx′dy′Jeff(x
′, y′)ejk sin θ[x
′ cosϕ+y′ sinϕ]. (B.14)
At this point the z′ integral can be separated from the cross
section integral. Integrating on z′ we obtain
A = µ0G(r)2L sinc[kL(cos θ − neq)]Q(θ, ϕ) (B.15)
where sinc(x) ≡ sinx/x and Q(θ, ϕ) is
Q =
∫∫
TL cross
section
dx′dy′Jeff(x
′, y′)ejk sin θ[x
′ cosϕ+y′ sinϕ]. (B.16)
so that the direction of A is according to the direction of Q.
Considering the higher modes to be in deep cutoff, so that
kx′, ky′ ≪ 1 (small electric cross section), and defining the
radial cross section unit vector
ρ̂(ϕ) = x̂ cosϕ+ ŷ sinϕ (B.17)
and the radial cross section integration variables vector
ρ′ ≡ x′x̂+ y′ŷ. (B.18)
we may rewrite Eq. (B.16) as
Q =
∫∫
TL cross
section
dx′dy′Jeff[1 + jk sin θρ̂(ϕ) · ρ′]. (B.19)
The strategy to calculate Q is as follows: for components of
Jeff on which the integral dx
′dy′ vanishes over the TL cross
section, we perform the integral of the component multiplied
by jk sin θρ̂(ϕ) · ρ′, as follows
jk sin θ
∫∫
TL cross
section
dx′dy′Jeff [ρ̂(ϕ) · ρ′], (B.20)
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while for components of Jeff on which the integral dx
′dy′ is
not 0, we neglect k sin θρ̂(ϕ) · ρ′ relative to 1, as follows∫∫
TL cross
section
dx′dy′Jeff (B.21)
For the free space TL [3] we had to deal only with the
longitudinal (z component) of A in what concerns the TL
currents contribution (which were free surface currents in the
z direction), and we had transverse components (x or y)
of A only from the terminations of the TL. In the current
case we note that Jeff contains both free longitudinal surface
currents and polarisation currents contributions (which have
both longitudinal and transverse components). We therefore
deal first with the longitudinal component of Q, which is
written as:
Qz = Qz free +Qz pol, (B.22)
where Qz free is the contribution of the longitudinal free
surface currents Kz and hence is similar to [3] (so that the
solution to Eq. (B.19) has the form (B.20)):
Qz free = jk sin θρ̂(ϕ) ·
∮
dcKz(c)ρ
′(c), (B.23)
where c is the contour parameter around the perfect conductors
(i.e. c1 and c2, see Figure 1). Separating the contours and
noting that we deal with a differential mode for which the
currents in the conductors are equal but with opposite signs,
and using Kz = HT ‖ (i.e. the component of HT parallel to
the conductors) one obtains:
Qz free = jk sin θI
+d0 · ρ̂ (B.24)
the forward current I+ is
I+ =
∮
dc1HT ‖(c1) = −
∮
dc2HT ‖(c2), (B.25)
d0 ≡
∮
dcHT ‖(c)ρ
′(c)/I+, (B.26)
The vector d0 represents the vector distance pointing from the
“negative” conductor to the “positive” conductor in the twin
lead equivalent (see Figure 2). As in [3] it is convenient to
redefine the x axis to be aligned with d0, so that d0x = d0
and d0y = 0, so that (B.24) simplifies to
Qz free = jk sin θI
+d0 cosϕ (B.27)
and the expression for the distance d0 simplifies to
d0 ≡
∮
dcHT ‖(c)x
′(c)/I+, (B.28)
For Qz pol in Eq. (B.22) we use the longitudinal polarisation
current density jωǫ0(ǫr − 1)Ez (see Figure 1), which accord-
ing to (A.4) can be written as −ωǫ0(ǫr − 1)Ez,I , and the
integration is only on the dielectric region. Clearly, Ez being
a solution of the Helmholtz equation, the integral on the TL
cross section vanishes, and for the twin lead representation,
we obtain
Qz pol =
∫∫
dielectric
region
dx′dy′[−ωǫ0(ǫr − 1)]Ez,Ijk sin θx′ cosϕ,
(B.29)
which can be written as
Qz pol = jk sin θαI
+d1 cosϕ (B.30)
where
α ≡ −ωǫ0(ǫr − 1)
∫∫
dielectric
region
dx′dy′Ez,IH(Ez,I)/I+, (B.31)
and H represents the Heaviside step function, limiting the
integral to the regions in which Ez,I > 0 and
d1 ≡
∫∫
dielectric
region
dx′dy′Ez,Ix
′
∫∫
dielectric
region
dx′dy′Ez,IH(Ez,I) . (B.32)
Clearly, α being the ratio between something proportional to
Ez and I
+, which is proportional to HT , satisfies
|α| ≪ 1 (B.33)
(see Eq. (A.7)). Using the above definitions, we sum
Eqs. (B.27) and (B.30) to obtain the total z component of
Q
Qz = jk sin θI
+d cosϕ (B.34)
where
d = d0 + αd1 ≃ d0 (B.35)
is the separation distance between the conductors in the twin
lead representation, analogous to what we obtained in [3].
For the case of conductors in dielectric insulator this vector
separation has two contributions: d0 is due to the free currents,
d1 due to the polarisation currents and α is the “weight” of the
longitudinal polarisation contribution, but as explained above,
this weight is typically small (see Eq. (B.33)).
Now we calculate the transverse component of Q, which
under the twin lead representation simplifies to x̂Qx (see
Figure 2), where Qx is due to the transverse polarisation
currents. We therefore use for Jeff x the x directed polarisation
current density Jp x (and the solution to Eq. (B.19) has the
form (B.21)):
Qx =
∫∫
dielectric
region
dx′dy′Jp x, (B.36)
where
Jp x = jωPx = jωǫ0(ǫr − 1)Ex, (B.37)
and Ex is the x component of ET .
It is useful to describe the transverse polarisation current in
the twin lead representation as a −x̂ directed surface current
on the surface y = 0 (see Figure 2). The polarisation (surface)
current is proportional to the displacement surface current:
Jsd x = −jωCV +, (B.38)
where the minus is due to the fact that the current is in the
−x̂ direction. Using relations (A.5) and (A.12), this can be
written
Jsd x = −jβI+ (B.39)
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Inside a uniform dielectric material the polarisation current is
(ǫr− 1)/ǫr times the displacement current, but having part of
the fields is in air, it looks like one has to use (ǫeq − 1)/ǫeq
times the displacement current. As shown in Appendix C, due
to the fact that parts of the polarisation current elements are
in the perpendicular (y) direction, if one wants to use the
same value for d as defined in Eq. (B.35), one needs to use a
value for the relative dielectric permittivity in general smaller
than ǫeq , which we name ǫp (the subscript “p” stands for
polarisation), for expressing the polarisation surface current:
Jsp x =
ǫp − 1
ǫp
Jsd x, (B.40)
and being a surface current on y = 0, one gets the polarisation
current density
Jp x = Jsp xδ(y) (B.41)
The value of ǫp satisfies:
1 ≤ ǫp ≤ ǫeq, (B.42)
and Appendix C is dedicated to explain this connection, the
physical meaning of ǫp and its relation to ǫeq.
Using (B.41) in (B.36), the integral dx′ is carried out from
0 to d, while the dy′ integral yield 1, because of the delta
function, obtaining
Qx =
∫ d
0
dx′Jsp x = dJsp x = −jβI+dǫp − 1
ǫp
. (B.43)
By comparing (B.43) with (B.36) and using (B.37), one
obtains an equation to calculate ǫp from the numerical cross
section solution, as follows:
ǫp − 1
ǫp
= − ǫr − 1
neqη0I+d
∫∫
dielectric
region
dx′dy′Ex, (B.44)
where the RHS is positive, because the phase of Ex is scaled to
point mainly from the “positive” to the “negative” conductor,
i.e. it is mainly negative.
At this point we summarise the results for the vector
potential components contributed by the currents along the
TL. From (B.15) and (B.34) we obtain
Az = µ0G(r)2L sinc[kL(cos θ − neq)]jk sin θI+d cosϕ,
(B.45)
and from (B.15) and (B.43) we get the x directed contribution.
Given this contribution is from transverse polarisation, we
name it Ax pol:
Ax pol =µ0G(r)2L sinc[kL(cos θ − neq)]
(−jβI+)dǫp − 1
ǫp
. (B.46)
It is worthwhile to mention that any representation that keeps
the value of d(ǫp− 1)/ǫp correct, for example replacing ǫp by
ǫeq , but accordingly use a smaller value of d for the transverse
polarisation would be a completely equivalent representation,
but we chose to keep the same value of d for representing the
free currents and the polarisation currents (see discussion in
Appendix C).
Now we calculate the contribution of the termination cur-
rents to the potential vector. The twin lead geometry allows us
to use a simple model for the termination currents, which are in
the x direction (see Figure 2), and their values are ±I+e±jβL
at the locations ∓L respectively. They result in
Ax 1,2 = ±µ0I+
∫ d/2
−d/2
dx′e±jβLG(R1,2) (B.47)
where the indices 1,2 denote the contributions from the
termination currents at ∓L, respectively, (see Figure 2). The
distances R1,2 of the far observer from the terminations may
be expressed in spherical coordinates, as follows:
R1,2 ≃ r − z1,2 cos θ − x′ sin θ cosϕ, (B.48)
The integral (B.47) is carried out for kd ≪ 1, using (A.5),
results in
Ax 1,2 = ±µ0I+dG(r)e∓jkL(cos θ−neq). (B.49)
The two contributions sum to Ax 1 +Ax 2:
Ax free = µ0G(r)I
+d(−2j) sin[kL(cos θ − neq)], (B.50)
and we call it Ax free, because the termination currents are
free currents. The total transverse x directed potential vector
is obtained by summing (B.46) with (B.50):
Ax =µ0G(r)I
+d2L sinc[kL(cos θ − neq)](−jk)
(cos θ − neq/ǫp) (B.51)
APPENDIX C
THE PHYSICAL MEANING OF ǫeq , ǫp AND THE CONNECTION
BETWEEN THEM
We used in this work a new quantity called ǫp for the pur-
pose of defining the contribution of the transverse polarisation
currents. This appendix is dedicated to explain the physical
meaning of ǫp and show the connection between it and ǫeq .
First, it should be mentioned that it is not the polarisation
current per se which affects the radiation, but rather the
polarisation current element, i.e. dJsp x - see Eq. (B.43).
Looking at Eq. (B.44), it is clear that the value of d(ǫp−1)/ǫp
is only a function of the cross section geometry (while d is
something that we defined in Eq. (B.35) to formulate the twin
lead model).
This means that the only requirement to obtain a correct
expression for the radiation is to use the correct value of
d(ǫp−1)/ǫp, and we had the freedom to replace ǫp by ǫeq and
determine accordingly a new value for the equivalent distance
for the polarisation contribution and call it dp for example.
This would imply
d
ǫp − 1
ǫp
= dp
ǫeq − 1
ǫeq
, (C.1)
so the usage of ǫeq and dp gives a completely equivalent
formulation, leading to the same result. The only reason we
did not choose it is aesthetic: we simply preferred a uniform
twin lead model for both free currents and polarisation, having
the same effective separation distance d.
We emphasise this point, because we need a consistent
definition for the separation distance to analyse the polarisation
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Fig. C.1. The space between the conductors is modelled by capacitors in
parallel C1, C2, ... CN , each one representing a slice around an electric
field line (shown in Figure C.2). Each electric field line may pass part of
its trajectory through the air, and the other part through the dielectric, hence
each capacitor Ci consists of two capacitors in series: Ca i and Cd i, so that
C−1i = C
−1
a i +C
−1
d i
. The value fi is the fraction of voltage on the dielectric,
for the field line defining capacitor Ci (see Figure C.2).
current elements in an equivalent circuit that we develop here
(shown in Figure C.1). For this purpose we use the same value
d used along the whole paper, i.e. this one given in Eq. (B.35).
We consider the capacitors in Figure C.1 as parallel plates
capacitors, as follows
Ca i ≡ ǫ0A0
da i
; Cd i ≡ ǫ0ǫrA0
dd i
, (C.2)
where A0 is a fixed effective area (more accurately perpendic-
ular length), da i and dd i are the effective separation distances
of the air and dielectric parts, respectively, and we require their
sum to be the total effective separation distance d mentioned
before:
da i + dd i = d. (C.3)
From Eqs. (C.2) and (C.3) it is easy to show that da i and dd i
come out
da i = d
1− fi
1− fi + ǫrfi ; dd i = d
ǫrfi
1− fi + ǫrfi , (C.4)
and the capacitor Ci may be written as
Ci ≡ ǫ0A0
d
[1− fi + ǫrfi] (C.5)
The field lines describing the capacitors Ci in the equivalent
circuit in Figure C.1 are shown in Figure C.2 for a microstrip.
In general each field line is partly in the air and partly in the
dielectric, so that the voltage on the air is
∫
air
part
ET · dl and
the voltage on the dielectric is
∫
dielectric
part
ET · dl. According to
this, we defined fi the fraction of voltage on the dielectric, as
evidently shown on the “red” line in Figure C.2. The “green”
line in Figure C.2 passes only through the dielectric, it is
therefore a special case of the above with fi = 1. The dashed
“red” line shows the projection of the continuous line (inside
the dielectric) on the x direction, and the relation between the
projected line and the original line is called gi for the electric
field line i. For the red line, gi is not equal, but close to 1. For
the green line, being in the x direction, gi = 1. The projection
is discussed further on in context with the polarisation currents.
Given the number of capacitors is N , the total capacitance
per longitudinal unit length C is equal the sum on i of all the
capacitances Ci in Eq. (C.5)
C =
N∑
i=1
Ci =
ǫ0A0
d
N∑
i=1
[1− fi + ǫrfi]. (C.6)
Fig. C.2. The transverse electric field in a microstrip shown by the blue
arrows. The total voltage on the microstrip is V . In general, field lines are
partly in the air and partly in the dielectric, and we define the voltage on the
air (1− fi)V and the voltage on the dielectric fiV for a given electric field
line i. This is evidently shown on the “red” line which is partly in the air and
partly in the dielectric. The “green” line passes only through the dielectric, it
is therefore a special case of the above with fi = 1. The dashed “red” line
shows the projection of the continuous line (inside the dielectric) on the x
direction, and we define the relation between the (dashed) projection length
and the continuous line gi for a given electric field line i. For the red line gi
is close but not equal to 1, but for the “green” line, being parallel to the x
direction, gi = 1.
The free space capacitance is obtained by setting all fi = 0:
Cfree space =
Nǫ0A0
d , and the value of ǫeq is calculated from
Eq. (A.14), obtaining
ǫeq =
1
N
N∑
i=1
[1− fi + ǫrfi] = 1 + (ǫr − 1) 1
N
N∑
i=1
fi (C.7)
or in a more suggestive form:
ǫeq − 1
ǫr − 1 = 〈f〉, (C.8)
where 〈f〉 is the average fraction of voltage on the dielectric.
Given that electric field is proportional to voltage, and po-
larisation vector is proportional to ǫr − 1 times electric field
(see Eq. (B.6)), suggests that ǫeq − 1 indicates on the average
polarisation vector. We remark that using Eqs. (C.6) and (C.7),
one can write the total capacitance as
C =
ǫ0ǫeq(NA0)
d
(C.9)
so that it is represented by a parallel plates capacitor of relative
dielectric permittivity ǫeq , distance d between the plates and
area (or rather perpendicular length) NA0.
Now we calculate the polarisation current element. On a
given capacitor, the displacement current is ID = jωCV ,
which is also the (AC) current passing through the capacitor.
We remark that this total current is a cross section integral on
a current density vector in the space between the plates, and
this vector may have different directions in different locations.
The total effect on the radiation comes from the equivalent
polarisation current element vector contribution (we chose the
x axis in this direction - see Appendix B). We therefore need
the x projection of the polarisation current element vector (see
projection factor g - dashed red line in Figure C.2) - we shall
call it QP . It is obtained by multiplying ID by d(ǫp − 1)/ǫp,
where ǫp already includes effect of the projection, as explained
at the beginning of this appendix. Considering the parallel
plate capacitor of our model in Eq. (C.9), we have
QP = d
ǫr − 1
ǫr
ID = jωV ǫ0ǫeqNA0(ǫp − 1)/ǫp. (C.10)
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Now we apply this to our model: the total polarisation
current element QP is the sum on the polarisation current
elements on all the capacitors in dielectric Cd i. The con-
tribution from each capacitor is jωCd i times the voltage
on this capacitor V fi, times the projection factor gi, times
dd i(ǫr − 1)/ǫr, hence we obtain
QP =
N∑
i=1
jωfiV giCd idd i(ǫr − 1)/ǫr =
jωǫ0(ǫr − 1)A0V
N∑
i=1
gifi (C.11)
Now comparing (C.10) with (C.11), yields
ǫeq
ǫp − 1
ǫp
= (ǫr − 1) 1
N
N∑
i=1
gifi. (C.12)
We divide it by ǫeq − 1 from Eq. (C.8), obtaining
(ǫp − 1)/ǫp
(ǫeq − 1)/ǫeq =
∑N
i=1 gifi∑N
i=1 fi
(C.13)
or in a more suggestive form:
(ǫp − 1)/ǫp
(ǫeq − 1)/ǫeq = 〈g〉. (C.14)
where 〈g〉 is the projection factor averaged by the fraction of
voltage in the dielectric. Given that 0 ≤ gi ≤ 1, also
0 ≤ 〈g〉 ≤ 1, (C.15)
and hence
1 ≤ ǫp ≤ ǫeq = n2eq, (C.16)
however it seems that 〈g〉 cannot be 0 for a physical system,
hence the lower limit should be bigger than 0, so that practi-
cally ǫp > 1 always. Hence we consider the case of 〈g〉 = 0,
or ǫp = 1 only in the context of “ignoring the transverse
polarisation”. For the microstrip example (see Figure 14),
〈g〉 ≃ 1, so that ǫp ≃ ǫeq , but for the circular shaped
conductors cross section (see Figure 9), 〈g〉 = 0.68.
Using this model, we can also show that the solution of
Eq. (B.44) yields (C.14). The integral in Eq. (B.44), carried
over the dielectric region, yields on capacitor i, V +gifiA0,
and this is summed on all capacitors:∫∫
dielectric
region
dx′dy′Ex = A0V
+
N∑
i=1
gifi. (C.17)
Using V + = Z0I
+, Eq. (A.12), and cη0 = 1/ǫ0, one obtains
ǫp − 1
ǫp
=
ǫ0(ǫr − 1)A0
Cd
N∑
i=1
gifi, (C.18)
and using C from Eq. (C.9), reproduces exactly Eq. (C.12),
leading to the result (C.14).
Returning to the discussion at the beginning of this appendix
(from which we derived Eq. (C.1)), we understand from
Eq. (C.14) that the physical meaning of dp is expressed by
the relation
dp
d
= 〈g〉, (C.19)
so that in the representation we used in this work of keeping
the separation value d, the projection factor lies in the defi-
nition of ǫp. In the alternative representation of replacing ǫp
by ǫeq and use for the effective separation the value dp, the
projection lies in the separation dp.
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